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Abstract: Exploiting the results of Part I, in the Al case we identify the generators of the algebra of Jacobi
forms with the moduli of Hurwitz spaces of meromorphic functions over elliptic curves; then we construct
a Frobenius structure on it, computing the free energy and the flat coordinates of the corresponding solution
to WDVV equations of associativity. Several examples are given.
In the G2 case we find two independent Frobenius structures and we compute the corresponding free
energies and flat coordinates.
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In Part I we have introduced the notion of Jacobi groups and their relevant invariant theory
(Jacobi forms). We have shown how to construct the generators of the algebra of Jacobi forms
for the case Al (and Bl) with the aid of a generating function. In this second part we exploit
those explicit formulae in order to build a particular differential-geometric structure on the orbit
space of Jacobi groups.
We recall that in the analogous case of finite Coxeter groups it is known [5] that the spectrum
of the invariant polynomial algebra (i.e., the underlying manifold structure of the quotient
space) can be endowed with the same geometric structure called “Frobenius manifold” [6];
Frobenius manifolds arise in a different—physical—context as intrinsic formulation of the
Witten–Dijkgraaf–Verlinde–Verlinde (WDVV) equations of associativity for a two-dimensional
topological field theory. Since there are many points of contact between the polynomial case
(i.e., Coxeter groups) and the elliptic one (i.e., Jacobi groups), it is natural to work out an analog
structure in the context of these Jacobi invariants. A generalization to the case of “extended”
affine Weyl groups was already made in [7]; the authors considered a particular extension of
the affine Weyl groups of simple Lie algebras which endows the algebra of invariants with a
grading operator analogous to the usual grading of Coxeter-invariant polynomials.
In this work we go in the same direction by constructing a Frobenius structure on (a suitable
covering of) the orbit space of the Jacobi group of type Al ∀l = 1, . . . and G2. As we have
described in the first part, the G2 case is more interesting than the series Al because it belongs
to the category of “codimension one cases” studied by Saito in [9]: this implies that there exists
a natural flat structure on the spectrum of the invariant algebra. On the other hand, however, the
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study of the A2 case will show that there exists a different and independent flat structure, which
is described in example 1.2 and section 1.7: this structure comes from the fact that the algebra
J (G2)•,• is embedded into J (A2)•,• as a consequence of the fact that the respective Jacobi groups are
in the reversed inclusion.
In this second part we explain the basic definitions and objects of Frobenius manifolds and
Hurwitz spaces (following essentially [6]) and finally come to the construction of a natural
(twisted) Frobenius structure over a suitable covering of the orbit space of J(Al); this provides
a series of solution of WDVV which are polynomials in t1, . . . , tl, t
−1
l+1, tl+1 and depend on t0
via modular functions. Having a singularity at t = 0 (due to the presence of the modular
functions of t0 and a pole in tl+1), these solutions to the associativity equations do not satisfy
the “good analyticity properties” in the sense of [6, Appendix A], but do provide interesting
examples of twisted structure. Notice moreover that the flat coordinates t0, t1, . . . , tl+1 are flat
theta invariants on a suitable covering of the orbit space of the complex crystallographic affine
Weyl group (though not precisely in the sense of [9]).
1. Relation between Jacobi groups and Frobenius structures on Hurwitz spaces
In this second part we will identify the Jacobi group of type Al with the monodromy of
a suitable Frobenius structure; the identification will be based on the explicit formula for the
generating function of the Jacobi forms given in Part I.
In order to be self-contained as far as possible, we recall the due definitions of the objects
we are going to use, namely Frobenius manifolds on one hand, Hurwitz spaces on the other and
explain how it is possible to give Hurwitz space a structure of Frobenius manifold, following [6].
The main result of this part can be expressed as follows: the quotient spaceÄ/J(Al) is naturally
isomorphic to the moduli space of elliptic functions of degree l + 1 with only one pole (here
Ä denotes the Tits cone where the Jacobi group of type Al acts faithfully and irreducibly: see
Part I for the details).
This identification will appear explicitly and allows us to build a structure of Frobenius
manifold over a suitable covering of this space; this covering branches around the divisor
in Ä/J defined by the zero locus of the lightest Jacobi form.
Before entering the detail we give an account of the necessary mathematical objects.
1.1. Frobenius manifolds
Here we recall the basic definitions and properties of a Frobenius manifold: proposition and
theorems will not be proven and can be found in [6] or derived by the reader.
Definition 1.1. A Frobenius algebra A is a unital, commutative, associative (C) algebra en-
dowed with a invariant nondegenerate bilinear pairing η(· , ·) : A ⊗ A → C, in the sense
that
η(A · B, C ) = η(A, B · C ) ∀A, B, C ∈ A.
It follows that η(· , ·) is symmetric for η(A, B) = η(1, A · B) = η(1, B · A) = η(B, A). The
notion of Frobenius manifold is now the following
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Definition 1.2. A Frobenius manifold M is a smooth manifold which is endowed with a struc-
ture of Frobenius algebra in the tangent space at each point (henceforth with a nondegenerate
symmetric tensor η(· , ·) of type (0, 2) and a (0, 3) (symmetric) tensor of the structure constants
g(X, Y, Z) := η(X, Y · Z)) and the following properties hold:
(1) the Levi-Civita connection defined by the metric η(· , ·) is flat;
(2) the unit vector field 1 is parallel, namely ∇X 1 = 0;
(3) the (0, 4) tensor of its (covariant) derivatives (∇X g)(Y, Z ,W ) is completely symmetric;
(4) there exist a vector field E (the Euler vector) which is covariantly linear (∇∇)X,Y E = 0
∀X, Y ∈ 0(T M), and
(a) [E, 1] = −1;
(b) (LEη)(X, Y ) := Eη(X, Y )− η([E, X ], Y )− η(X, [E, Y ]) = (2− d) η(X, Y );
(c) (LEg)(X, Y, Z) = E(g(X, Y, Z)) − g([E, X ], Y, Z) − g(X, [E, Y ], Z) − g(X, Y,
[E, Z ]) = (3− d) g(X, Y, Z);
namely the E generates conformal rescalings of the metric and of the Frobenius structure;
(5) the (4, 0)-tensor (∇g) is totally symmetric, or equivalently
(∇g)(X, Y, Z , W ) := (∇W g)(X, Y, Z ) = (∇X g)(W, Y, Z ).
Observe that since E is a conformal Killing vector field it must satisfy div (E) = −(2− d)/2n;
moreover it follows from the above axioms that
[E, X · Y ]− [E, X ] · Y − X · [E, Y ] = X · Y. (1)
If the grading operator Q := ∇E is diagonalizable, then the Euler vector can be represented by
E =
n∑
1
((1− qi ) i + ri ) ∂i
for suitable constants qi , ri and suitable flat coordinates ti . In this case, up to a translation in
the flat coordinates, we can then recast the Euler vector in the form
E =
n∑
1
(1− qi ) ti ∂i +
∑
i |qi=1
ri ∂i .
The Euler vector allows us to define the scaling exponents as
Definition 1.3. A function ϕ : M → C is said to be quasi-homogeneous of scaling exponent
dϕ if it is an eigenfunction of the Euler vector
E(ϕ) = dϕϕ.
This means that the coordinate functions ti defined before are quasi-homogeneous with scaling
dimensions di = (1− qi ). We now give the
Proposition 1.1. The structure constants tensor g(X, Y, Z) is the third covariant derivative
of a locally defined function F (called free energy)
g(X, Y, Z ) = (∇∇∇F )XY Z . (2)
Moreover this function is almost-quasi-homogeneous of degree dF = 3 − d, namely quasi-
homogeneous up to a function in the kernel of ∇∇∇ (i.e., a function which is at most quadratic
in local flat coordinates).
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Since the invariant metric η gives a isomorphism between the tangent and cotangent bundle,
we can define a Frobenius structure on the cotangent bundle as well, which we will indicate
again as ω · α, for ω, α ∈ 0(T ∗M).
Definition 1.4. The intersection form is the bilinear pairing in T ∗M defined by
(ω, α)
∗ := (ω · α)︸ ︷︷ ︸
∈0(T ∗M)
(E).
One can prove that it is almost everywhere nondegenerate, hence it defines a new “metric”
(denoted by I(· , ·) as its associated (2, 0) tensor) on the tangent bundle: one can show that
Proposition 1.2. ([6]) The metric I(· , ·) is flat and moreover ∀λ ∈ C, the contravariant metric
G∗(λ) := η∗(· , ·) + λI∗(· , ·) is flat as well and the contravariant connection ∇˜(λ) on forms
is given by ∇˜(λ) := ∇˜(η) + λ∇˜(I), where ∇˜(η) and ∇˜(I) denote the contravariant connections
(acting on one-forms) of the metrics η and I respectively. The family of metrics G∗(λ) as λ
varies, is called a flat pencil of metrics.
By contravariant connection on one-forms of a metric g over a manifold M we mean the map
∇ : T ∗M ⊗ 0(T ∗M )→ 0(T ∗M ) , ξ ⊗ α→ ∇ξ]α
where ∇ is the Levi-Civita connection and ξ] is the vector associated to ξ by means of the
isomorphism given by the metric.
The invariant metric and the intersection form are related by some differential relation which
allows one to obtain the former from the latter. More specifically, let us suppose we are given
a Frobenius manifold M and we know the scaling dimensions d, q1, . . . , qn , the Euler vector
field E, the unit vector field 1 and the intersection form I(· , ·); then we can uniquely reconstruct
the full Frobenius structure by setting
η
−1 := L1(I∗ )
and finding the flat coordinates of η as homogeneous functions. The structure constants are
recovered by imposing that
(1+ d − qi − q j ) H F((dti )#, (dt j )# ) = I∗(dti , dt j ). (3)
Of course this procedure goes through if qi + q j 6= d + 1 ∀i, j = 1, . . . , n, otherwise there
may be some obstruction or ambiguity in the construction of the free energy F ; this is the only
effective way to find the free energy in many actual examples as we shall do for G2 later.
1.1.1. Monodromy group of a Frobenius manifold
Both metrics η(X, Y ) and I(X, Y ) are flat and it is natural to study their mutual relations.
Since I comes from the inversion of almost everywhere nondegenerate bilinear pairing of
the cotangent bundle, it is defined almost everywhere, namely outside the locus 1 where the
determinant of I∗ : T ∗M → T M vanishes. Now the flat complex manifold, (M/1, I) is not
simply connected and hence we have a nontrivial holonomy group at any point, which is a
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discrete subgroup of O(n,C). To be more specific let y1, . . . , yn be the flat normal coordinates
at p0 ∈ M (fixed and outside 1) of the intersection form I, and express them as functions of
the flat coordinates t1, . . . , tn of the invariant metric η; since I degenerates on1, its Christoffel
symbols (which enter in the equation defining the flat coordinates yi ) have singularities on 1.
As a result, the germs of functions yi (t1, . . . , tn) will be in general multivalued for loops
around the discriminant. This implies that the result of a non-contractible loop γ around the
discriminant will be a linear affine transformation of the yi ’s whose linear part is clearly an
I-orthogonal transformation: it is also clear that the correspondence which associates to each
non-contractible loop γ ∈ pi1(p0;M/1) this linear affine transformation of the coordinates y j
is a group homomorphism. The map
M : pi1( p0; M/1) −→ Aff(I, n) ,
γ 7→Mγ ,
is a group homomorphism from the fundamental group of M/1 onto a (discrete) subgroup of
the affine transformations of the functions yi ’s: the image under M of the fundamental group
pi1(p0;M/1) is called the monodromy group of the Frobenius manifold.
Vice versa one could ask to solve the inverse problem, namely that of finding a Frobenius
manifold whose monodromy group is a given discrete group of affine transformations preserving
a (nondegenerate) bilinear form I: this is actually the problem that motivated this study.
1.2. Hurwitz spaces and Frobenius structures
In this section we rephrase the contents of [6, Lecture 5] and adapt the notation to the present
purposes.
Hurwitz spaces are moduli spaces of certain meromorphic functions on algebraic smooth
curves of fixed genus. Hereafter we give a short account of their structure and definitions and
later we explain how there can be defined Frobenius structures.
Let C be a compact Riemann surface of genus g and let λ : C → CP1 of degree N ;
we moreover fix the type of ramification over the point at infinity ∞ ∈ CP1 assuming
that λ−1(∞) = {∞0,∞1, . . . ,∞m ∈ C} and that the respective degrees at these points be
n0 + 1, n1 + 1, . . . , nm + 1. These data (namely the genus g, the number of sheets and
the ramification at infinity) fix uniquely the total number of ramification points in C , say
{P1, . . . , Pn,∞0, . . . ,∞m}; by means of the Riemann–Roch theorem we find (notice that we
must have N = m + 1+ n0 + · · · + nm)
= 2g−2︷ ︸︸ ︷
deg(KC ) = N
=−2︷ ︸︸ ︷
deg(KCP1 )+
= n+n0+···+nm︷ ︸︸ ︷
deg(B ) ⇒ n = 2g + n0 + · · · + nm + 2m.
Therefore the smooth (i.e., non-orbifold) part of the moduli space Mg,m;{n j } of these data
has dimension n. As parameters for the point in this space we can take (u1, . . . , un) :=
(λ(P1), . . . , λ(Pn)) ∈ (CP1)×n; summarizing
Definition 1.5. The Hurwitz space Mg,m;n0,...,nm is the moduli space of curves C of genus g
endowed with a N branched covering λ of CP1, λ : C → CP1 with m + 1 branching points
over∞ ∈ CP1 of branching degree nν + 1, ν = 0, . . . ,m.
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In this kind of spaces the usual notion of equivalence involves also the quotient by the
automorphism group of the target space (here CP1) [8], but for the present purposes we will
consider the (trivial) principal bundle with structure group the automorphisms of CP1 which
fix one point (the infinity); this simply means that in the kind of spaces we are considering
the notion of equivalence involves only the automorphism group of C and moreover the affine
group C∗ oC acts on the functions λ as aλ+ b, for a ∈ C∗ and b ∈ C. For the sake of clarity
we specify the relevant notion of equivalence:
Definition 1.6. Two pairs (C, λ) and (C˜, λ˜) are Hurwitz-equivalent if there exists an analytic
isomorphisms ϑ : C → C˜ such that λ ◦ ϑ = λ˜.
In the following we will use a covering of the Hurwitz spaces which we now describe. First
of all notice that, since we are actually considering curves of genus g with m + 1 marked
points, for 2g+m+1 > 3 the curve C is stable, that is the group of automorphisms is discrete;
for g > 1 the covering of their moduli space is accomplished considering a symplectic basis
of cycles in the homology of the curve. We recall that this amounts to choosing 2g cycles
{a1, . . . , ag, b1, . . . , bg} which have intersection number ai · a j = bi · b j = 0 and ai · b j = δi j .
We have also to consider the points∞ν , ν = 0, . . . ,m: therefore, for each of them,∞ν we fix
a local uniformizing function, namely a function wν such that wnν+1ν = λ in a neighborhood
of∞ν . Summarizing
Definition 1.7. The covering space M̂g,m;n0,...,nm is defined as the sets of genus g curves with
m + 1 marked points endowed with a symplectic basis in the homology and a N -sheeted
covering λ of CP1 with a fixation of local uniformizing coordinates {wν} around the points
over infinity.
M̂g,m;n0,...,nm :=
{(
C, λ; w0, . . . , wm ; {a1, . . . , ag , b1, . . . , bg }
)}
.
1.2.1. Frobenius structures on M̂g,m;n0,...,nm
Over the space Mg,m;n0,...,nm we consider the coordinates u1, . . . , un as spanning a semisimple
commutative, associative, graded and unital algebra in the tangent space, with{
ui = λ(Pi ) | dλ(Pi )= 0
}
as local coordinates. Explicitly the algebra structure is as follows (setting ∂i := ∂/∂ui ):
(1) Multiplication ∂i · ∂ j = δi j∂i ;
(2) Unity 1 :=∑n1 ∂i ;
(3) Euler field E :=∑n1 ui∂i .
In order to obtain a Frobenius structure we must define an invariant inner product such that the
resulting metric is flat and satisfies all the axioms of Frobenius manifold. For any one form
Ä ∈ 0(T ∗M) we can define an invariant inner product as
〈X, Y 〉Ä := Ä(X · Y )
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which is nondegenerate provided thatÄ nowhere vanishes. There is a natural way to build one
forms on the Hurwitz space starting from a representative as follows. Let Q be a quadratic
differential on C (i.e., Q ∈ 0(T ∗C ⊗ T ∗C)) and set
ÄQ :=
n∑
1
dui resPi
Q
dλ
.
Notice that this definition of the one form ÄQ is independent of the representative and also
invariant under the structure group (here simply the affine transformations of the plane): in fact,
if ϑ : C˜ → C and λ˜ = aλ+ b, then u˜i := a λ ◦ ϑ + b = a ui + b, Q˜ = ϑ∗Q, therefore
n∑
1
du˜i resPi
Q˜
dλ˜
=
n∑
1
dui resPi
Q
dλ
,
and hence the definition is well posed.
It is clear that if the differential Q is dλ-divisible, namely if it has the form φ ⊗ dλ and
φ is holomorphic on the zeroes of dλ, then the corresponding differential on the Hurwitz space
is zero; this allows for an enlargement of the class of quadratic differential that we can use. In
fact we can consider the larger class of quadratic differentials on the universal covering of the
curve C which have the property that their continuation along a closed curve γ ⊂ C is changed
by a dλ-divisible differential, namely
Q 7→
γ
Q + qg ⊗ dλ.
One can consider quadratic forms Q which are squares of a differential φ of certain type,
namely Q = φ ⊗ φ: these differentials φ are called primary differentials. The types of such
differentials that lead to Frobenius structures can be found in [6]: to our scope it suffices to
recall that any differential of the first kind, which can be written for convenience as
φ =
g∑
j=1
C jω j
is a primary differential. Here the holomorphic differentials ω j are the Poincare’ duals to
the b-cycles, namely
∮
ak
ω j = δ jk . In [6] it was showed that any quadratic form Q = φ ⊗ φ
where φ is a primary differentials gives rise to a Frobenius structure, namely to a flat invariant
metric η along the lines we drew before, namely
η
(
∂
∂ui
,
∂
∂u j
)
=
n∑
k=1
res
Pk
φ ⊗ φ
dλ
dui
(
∂
∂ui
· ∂
∂u j
)
= δi j resPi
φ ⊗ φ
dλ
.
In order to build the superpotential of this Frobenius structure we takeλ considered as a function
on the universal covering C˜ (namely a multivalued function) by considering it as depending on
the multivalued coordinate
v(P ) :=
∫ P
∞0
φ ,
where the principal value prescription (if necessary) is understood in this integral. The necessity
to consider λ as a function of v is that we need to make differentiations of λ along the moduli
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space and it must be clear which is the (local) coordinate with respect to make the differentiation.
We cite the theorem to be found in [6] and which we will use later.
Theorem 1.1. For any primary differential φ the corresponding invariant metric ηφ along with
the canonical multiplication rules in the coordinates ui , endows the Hurwitz space Mˆg,m;n0,...,nm
with a structure of Frobenius manifold.
The flat coordinates of the invariant Frobenius metric η are the n = 2g+2m+n0+· · ·+nm
coordinates
tν;a := res∞ν (wν )
a
v dλ , ν = 0 , . . . ,m, a = 1 , . . . , nν ,
vν :=
∫ ∞ν
∞0
dv =
∫ ∞ν
∞0
φ , Vν := − res∞ν λ dv = − res∞ν λ φ , ν = 1, . . . ,m ;
B j :=
∮
b j
dv , C j :=
∮
a j
λ dv , j = 1 , . . . , g ,
and the nonzero entries of η in these coordinates read
ηtν;a,tµ;b =
1
nν + 1
δµνδa+b,nν+1 ,
ηvν,Vµ =
1
nν + 1
δµν ,
ηB j ,Ck =
1
2ipi
δ jk .
In order to identify the remaining objects in the framework of Frobenius manifolds, we notice
that
Proposition 1.3. ([6, Remark 5.3]) The intersection form associated to the Frobenius structure
specified in Theorem 1.1 is given by
I =
∑
dλ(Pi )=0
(dui )
2 res
Pi
( dv ⊗ dv
λ dλ
)
.
The flat coordinates of this metric are the described by the same formulae as above with the
substitution λ 7→ log(λ) and with the tν;a changed into the
zi = v(Qi ) , such that λ(Qi ) = 0.
Proposition 1.4. Scaling dimensions. The scaling dimensions of the flat invariants of η are
given by
E(tν;a ) =
nν + 1− a
nν + 1
tν;a , ν = 0 , . . . ,m, a = 1, . . . , nν ;
E(vν ) = 0 , E(Vν ) = Vν , ν = 1, . . . ,m;
E(B j ) = 0 , E(C j ) = C j , j = 1, . . . , g.
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Proof. The proof is immediate considering the expressions of the invariant and noticing that the
Euler vector field is a rescaling in the variable λ, leaving unchanged the primary differential dv.
¤
In the following section we apply this general theorems to the case of genus 1.
1.3. The space M1,0;l as orbit space of J(Al)
In this section we build a Frobenius structure over the Hurwitz space M1,0;l (or better its
covering M̂1,0;l); now C is a torus and the superpotential λ has only one pole ∞0 of degree
l + 1.
Applying the general theory we shall identify the flat coordinates of the intersection form
and find the monodromy group of the resulting Frobenius manifold: it will turn out that this is
the Jacobi group of type Al , J(Al) and that the moduli of the superpotential—when expressed
as functions of the flat coordinates of the intersection form—are the generators of the algebra
of Jacobi forms J•,• (see Part I, Thm. 1.4).
In this section we use a slightly different definition for the Weierstrass functions, namely
σ(v|τ ) := e−2ipiv2g1(τ ) θ1(v , τ )
θ ′1(0 , τ )
= e−2ipiv2g1(τ )α(v|τ ) ,
ζ (v|τ ) := d
dv
log (σ(v|τ )) ,
℘(v|τ ) := − d
dv
ζ (v|τ ) = 1
v2
+
∑
m2+n2 6=0
( 1
(v + m + nτ)2 −
1
(m + nτ)2
)
.
We call τ the modular parameter of the torus C and we think of it asC/(Z+ τZ). It is useful
to use the Weierstrass uniformization, realizing the torus C(τ ) as the affine curve
Y 2 = 4X3 − g2(τ ) X − g3(τ ) , X = ℘(v) , Y = ℘ ′(v).
The point∞0 can be chosen (modulo the automorphisms of the torus) as the point v = 0 of
C/(Z + τZ). Since λ must be a meromorphic elliptic function with a pole of order l + 1 at
v = 0 modZ+ τZ, it follows that the most generic form is (using a convenient normalization
of the moduli)
λ(v) =
l+1∑
j=0
(−1)l+1− j
(l − j)! ℘
(l−1− j)
(v) ϕl+1− j
= 1
vl+1
ϕl+1 +
1
vl
ϕl +
1
vl−1
ϕl−1 + · · · +
1
v2
ϕ2 + O(1) ,
∂kλ :=
∂λ
∂ϕk
= (−1)
k
(k − 1)! ℘
(k−2)
(v) ,
where we numbered the coefficients ϕk according to the order of the pole and we have set, for
notational brevity, ℘(−1)(v) ≡ 0, ℘(−2)(v) ≡ 1.
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From the modular properties of ℘ it follows that the parameters ϕk transform as modu-
lar forms of weight −k under SL(2,Z): indeed by assumption the superpotential has to be
independent of the isomorphism class of the torus namely
λ(v|τ ) = λ
(
v
cτ + d
∣∣∣∣aτ + bcτ + d
)
∀
(
a b
c d
)
∈ SL(2, Z) ⇒ ϕk 7→
τ 7→τ ′
(cτ + d )−kϕk .
We observe that the moduliϕ j ’s are equivariant and we anticipate here that they will be identified
with the fundamental Jacobi forms. At this stage they are simply some parameters which play the
same role as the Jacobi forms in formula (4), but the identification will be complete in Thm. 1.2.
In view of this identification we shall occasionally call them “Jacobi forms” by an abuse of
language.
The primary differential we will use is the holomorphic differential φ = dv and hence λwill
be the superpotential of our Frobenius manifold as a function of the multivalued coordinate v
on the torus (hence as a function on the Jacobian of the torus).
Let us analyze the structure:
1. The parametersϕ0, ϕ2, . . . , ϕl+1 and the modular parameter τ =: ϕ−1 are local coordinates
of the Frobenius manifold M := M1,0;l and the invariant metric η(· , ·) is given by
η
(
∂
∂ϕi
,
∂
∂ϕ j
)
=
∑
λ′(vn)=0
∂un
∂ϕi
∂un
∂ϕ j
res
v=vn
dv
λ′(v)
=
∑
res
λ′=0
∂iλ(v) ∂ jλ(v) dv
λ′(v)
,
i , j = −1 , 0 , 2 , . . . , l + 1.
The formula follows from the Jacobian of the parameters ui in terms of the moduli ϕk as
follows: the defining equation of the u’s are
ui ( ϕ ) := λ(Pi ; ϕ ) ,
λ
′
(Pi ; ϕ ) = 0
and upon differentiation with respect to ϕk we get
∂ui (ϕ)
∂ϕk
= ∂λ
∂ϕk
(Pi ; ϕ )+ λ′(Pi ; ϕ )
∂Pi
∂ϕk
= ∂λ
∂ϕk
(Pi ; ϕ ) ,
dλ(Pi ; ϕ ) = 0.
For i, j = 0, . . . , l + 1 the functions (℘(i−2)(v) ℘( j−2)(v))/λ′(v) are elliptic functions (recall
that we have set℘(−2) ≡ 1;℘(−1) ≡ 0) and hence the sum of all residues in a fundamental mesh
is zero: therefore we can compute the residues at the points defined by λ′ = 0 by computing the
residue at v = 0 with opposite sign (we suppress the v dependence to shorten the formulae),
η(∂i , ∂ j ) = − res
v=0
∂iλ ∂ jλ dv
λ′
.
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A different problem is to compute the matrix elements where i = −1 (ϕ−1 := τ ) for in this
case the function ∂τλ is not an elliptic function, but we can compute the residues for
D•λ(v) ≡ ∇•τ λ(v)−
1
2ipi
α′(v)
α(v)
λ
′
(v)
= ∂τ λ(v)−
η′
η
l+1∑
j=0
2 j ℘( j−2)(v) ϕ j −
1
2ipi
α′(v)
α(v)
λ
′
(v)
=: ∂τ λ(v)+6(v)+ γ (v) λ′(v)
(which is elliptic: notice that 6 is elliptic). Hence if F(v) is any elliptic function with a pole
only at the origin, we find∑
res
λ′=0
∂τλ F dv
λ′
=
∑
res
λ′=0
[
(D•λ−6) F dv
λ′
]
= − res
v=0
(D•λ−6) F dv
λ′
= − res
v=0
[(
∂τλ F dv
λ′(v)
)
+ γ F dv
]
.
The computational advantage is that we have converted a sum over residues which we do not
know where are situated, into a single evaluation at a fixed pole. Along these lines we can
compute
η(∂−1, ∂k ) = − res
v=0
[(
∂τλ ∂kλ dv
λ′
)
+ γ ∂k λ dv
]
= res
v=0
[
α′(v)
2ipiα(v)
∂kλ(v)dv
]
where, in the last equality, the term with (∂τλ(v) ∂kλ(v))/λ′(v) ∝ (∂τλ(v) ℘(k−2)(v))/λ′(v) has
disappeared because it is regular at v = 0 for k = 2, . . . , l+1. In order to compute η(∂−1, ∂−1)
we use a similar trick∑
res
λ′=0
(∂τλ)
2
λ′
=
∑
res
λ′=0
{
(D•λ−6) (D•λ−6) dv
λ′
}
= − res
v=0
{
(∂τλ+ γ λ′)(∂τλ+ γ λ′) dv
λ′
}
= − res
v=0
{
(∂τλ)
2 dv
λ′
+ 2γ ∂τ λ dv + γ 2 λ′ dv
}
= − res
v=0
{
(2∂τ λ+ γ λ′)γ dv
}
.
2. The multiplication is defined as
η(∂i , ∂ j · ∂k ) =
∑
res
λ′=0
∂iλ ∂ jλ ∂kλ dv
λ′
.
Again, if all indices are nonnegative we can evaluate the residue at zero changing sign; as for
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the remaining cases we get, after computations similar to those of before,
η(∂i , ∂ j · ∂k ) = − res
v=0
(
∂iλ ∂kλ ∂kλ dv
λ′
)
η(∂−1, ∂i · ∂ j ) = − res
v=0
{
∂τλ
λ′
∂iλ ∂ jλ dv + γ ∂iλ ∂ jλ dv
}
η(∂−1, ∂−1 · ∂i ) = − res
v=0
{
(2∂τ λ+ γ λ′)∂iλ dv
}
η(∂−1, ∂−1 · ∂−1 ) = − res
v=0
{
3γ(∂τ λ)
2 dv + 3γ 2∂τ λλ′ dv + γ 3(λ′)2 dv
}
.
Applying Theorem 1.1 we find
Proposition 1.5. The flat coordinates of the invariant Frobenius metric η are (the principal
values prescriptions are understood in the integrations)
t0 :=
∮
b
dv =
∫ τ
0
dv = τ ;
t1 :=
∮
a
λ(v) dv =
∫ 1
0
λ(v) dv = ϕ0 +
[ l−1∑
k=0
(−1)l+1−k
(l − k)! ζ
(l−1−k)
(v)ϕl+1−k
]1+²
0+²
= ϕ0 + 4ipig1ϕ2 ;
ta := res
v=0
(
vλ
−((a−1)/(l+1))
(v)dλ(v)
)
, a = 2 , . . . , l + 1;
[η(∂ta , ∂tb )]a,b=0,...,l+1 =

0
1
2ipi
0 0 · · · 0 0
1
2ipi
0 0 0 · · · 0 0
0 0 0 0 · · · 0 1
l + 1
...
...
... . .
. 0
0 · · · 1
l + 1 0 · · · 0 0

.
While the flat (local) coordinates of the intersection form are the zeroes of λ(v), τ and u :=
(1/2ipi)
∮
a
log(λ) dv.
Notice that the second Jacobi form ϕ2 is always a quadratic polynomial in the flat coordinates
t2, . . . , tl+1 and the lightest Jacobi form ϕl+1 is a power of the coordinate tl+1 as we now prove.
Corollary 1.1. The second Jacobi form ϕ2 satisfies
ϕ2 =
1
2
∑
i, j 6=1,0
ηti ,t j ti t j =
1
2(l + 1)
l+1∑
j=2
t j tl+3− j ,
while for the lightest one ϕl+1 we find
ϕl+1 = (−l − 1)−(l+1)(tl+1 )l+1.
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Proof. The second statement is easily proven by computing the residue
tl+1 = res
v=0
(
vλ
−l/l+1dλ
)
= res
v=0
(
v
(
ϕl+1
vl+1
+ · · ·
)−l/l+1(
(−1)l+1(l + 1) ϕl+1
vl+2
+ · · ·
))
= res
v=0
(
(−1)l+1(l + 1)ϕl+11/(l+1)
1
v
+ O(1)
)
.
As for the first statement, we introduce the local coordinate z = (λ)−1/l+1 (choosing one branch
of the root), and hence find (λ = 1/zl+1)
t j = res
v=0
(
vλ
( j−1)/(l+1)dλ
) = −(l + 1) res
z=0
(v z j−l−3 dz) ,
j = 2 , . . . , l + 1,
where we implicitly solve the equation λ(v) = 1/zl+1 for v as a function of z; in other words
the flat coordinates t2, . . . , tl+1 are the coefficients in the expansion of v
v(z) = −1
l + 1
(
tl+1 z + tl z2 + · · · + t2zl + O(zl+2 )
)
,
in which the term in zl+1 vanishes because resv=0(v dλ) = 0. We now compute
1
l + 1
l−1∑
j=2
t j tl+3− j = res
z=0
(l + 1) v2(z) dz
zl+1
= − res
v=0
v
2 dλ = 2ϕ2 ,
and this ends the proof. ¤
From this corollary it follows that
t1 = ϕ0 + 2ipi
η′
η
∑
i, j 6=0,1
ηti ,t j ti t j .
In order to complete the description of the Frobenius structure it is important to express the two
vector fields 1 and E in these coordinates. Recall that the unity vector field 1 in the coordinates
ui ≡ λ(Pi )where Pi are the critical points, read 1 =
∑l+2
i=1(∂/∂ui ), while the Euler vector field
is given by
∑l+2
i=1 ui ∂/∂ui . We now prove that
Proposition 1.6. The unity vector field 1 and the Euler vector field E in the coordinates
t0, . . . , tl+1 read
1 = ∂
∂t1
; E =
l+1∑
k=1
l + 2− k
l + 1 tk
∂
∂tk
.
Proof. The effect of these two vectors on λ are of shifting or dilating it, hence they read
1 = ∂/∂λ and E = λ(∂/∂λ); now, from Corollary 1.1 it follows that the vector ∂/∂t1 exactly
shifts λ, while the expression for the Euler vector field comes from the degrees of the flat
coordinates as stated in Proposition 1.4. ¤
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Since the superpotential is invariant under the group SL(2,Z), it follows easily that
Proposition 1.7. Under a transformation of the modular group with (a b
c d
) ∈ SL(2,Z), the flat
coordinates transform as follows : they are invariant under the map corresponding to τ 7→ τ+1
and under the inversion
(0 1
1 0
)
we find
t0 7→ t ′0 = −
1
t0
,
t1 7→ t ′1 = t1 + ipi
1
t0
l+1∑
j=2
t j tl+3− j ,
t j 7→ t ′j =
1
t0
t j , j = 2 , . . . , l + 1
(4)
namely, the flat coordinates t2, . . . , tl+1 behave like modular forms of weight −1.
Proof. The transformation rule for t0 = τ is obvious since it is the modular parameter of the
torus; the one for t1 follows immediately once expressing it in terms of the Jacobi form ϕ0 and
ϕ2 and from the modular properties of the Dedekind η-function. As for the transformation rule
for the remaining, this is a consequence of their definition as residues with respect to a weight
−1 form which is v λκ dλ (recall that under the inversion the coordinate v on the universal
covering of the torus is mapped to v/τ ). ¤
Twisted Frobenius structure. The Frobenius structure which has been constructed is well-
defined on M1,0;l only locally, because the automorphism group of the curve C (SL(2,Z) in this
case, full modular group) acts in a nontrivial way by means of a symmetry (see [6] for details
on symmetries of Frobenius structures). This picture can be interpreted in two ways; we can
consider that the invariant metric η takes values in a suitable line bundle L over M = M1,0;l ;
namely we consider the Frobenius structure to be well-defined on L ⊗ T M rather that on T M
itself. Equivalently we can consider the covering space M̂ = M̂1,0;l and then we get a bona fide
equivariant Frobenius structure on T M̂ .
Notice that the coordinates t j ’s have to be thought of as coordinates on M̂ in view of the
branching around the surfaceϕl+1 = 0: in fact in the definition of M̂ , the fixation of the branching
of the root around the infinities makes tl+1 a one valued function.
1.4. Free energy
To complete this study we must give the structure constants of the bundle of Frobenius
algebras on the tangent bundle of the manifold; in principle this could be done by changing
coordinates from the ϕ j ’s to the t j ’s, since the structure constants form a tensor, but it is more
useful and satisfactory to express the free energy in terms of the flat coordinates. To achieve
this goal we compute free energy F by means of the particular bilinear pairing of forms which
is described in [6, 2]. It can be proven in that the free energy for the Frobenius structure we
have build is given by
F := − 12 〈v dλ, v dλ〉.
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Here the angular brackets stand for the aforementioned bilinear pairing of forms. A rather
complicated computation whose full details can be found in [2] (along with similar computations
for the case Bl) gives in the end the following
Proposition 1.8. The Free energy of the Frobenius structure associated to the primary differ-
ential dv is
F :=− 12 〈v dλ, v dλ〉
= 1
2
l−1∑
k=0
c−2−k
1
k + 1 ck
− 1
4ipi
[∫
b(x)
v dλ
∫
a(x)
v dλ− τ
∫
a(x)
v λ dλ+
∫
b(x)
v λ dλ
]
= 1
2
l−1∑
k=0
ck
1
k + 1 c−k−2 −
1
4ipi
t0(t1 )
2 − 12 t1ϕ2 + 14 resv=0(v λ
2
(v)dv)
= 1
2
l−1∑
k=0
ck
1
k + 1 tk+2 −
1
4ipi
t0(t1 )
2 − 12 t1ϕ2 + 14 resv=0(v λ
2
(v)dv) ,
where the coefficients ck are those appearing in the expansion of the differential v dλ in the
local parameter z = λ1/(l+1) around infinity
v dλ = v(z) d(z−l−1 ) = −(l + 1) v(z)
zl+2
dz
= [tl+1z−l−1 + tl z−l + · · · + t2z−2 + c0 + zc1 + · · · + cl−1zl−1 + O(zl )] dz.
We will give an explicit example in the case of A2 later.
1.5. Flat coordinates of the intersection form
We now analyze the structure of the flat coordinates of the intersection form. This enables
to identify this Frobenius manifold as a suitable covering of the orbit space of the Jacobi group
of type Al . In particular it will become clear in which sense the moduli ϕk are Jacobi forms;
the point is that as functions of the flat coordinates of the intersection form, they are exactly the
previously studied generators of the algebra J•,•.
From Thm. 1.1 we know that the flat coordinates of the intersection form are the functions
v(Qi ) with Qi a zero of the superpotential λ, and
∮
b dv = τ and u = (1/2ipi)
∮
a
log(λ) dv.
To begin with, the number of zeroes of λ(v) is l + 1 because λ is an elliptic function with
a pole of order l + 1 at the origin; they are linearly related since the divisor of zeroes must be
congruent to the divisor of poles. Therefore we have
∑l+1
1 zi = 0 mod (Z + τZ). We already
know how to express the parameters ϕ0, ϕ2, . . . , ϕl+1 in terms of the zeroes of λ(v); this
follows from the explicit construction of the Jacobi forms for Al , which is accomplished in
Part I, Thm. 1.4 we have to compute explicitly the flat coordinate u; to this end we give the
Lemma 1.1. The flat coordinate u = (1/2ipi) ∮
a
dv log(λ) equals exactly s.
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Proof. We have
u := 1
2ipi
∮
a
dv log(λ) = 1
2ipi
∫ 1
0
dv log(λ)
= s + g1‖z‖2 +
1
2ipi
∫ 1
0
dv log
(∏l+1
j=1 σ(v − z j )
σ l+1(v)
)
.
Considering this function as depending on zi we have
∂
∂zk
∫ 1
0
dv
[ l+1∑
j=1
log
(
σ(v − zi )
σ (v)
)]
=
∫ 1
0
dv ζ (v − zk ) = log
(
σ(1− zk)
σ (zk )
)
=
(
−4ipi η
′
η
zk
)
= −2ipig1
∂
∂zk
(‖z‖2 ).
Since for z = 0 the integral is obviously zero we have finally∫ 1
0
dv
[ l+1∑
j=1
log
(
σ(v − zi )
σ (v)
)]
= −2ipi η
′
η
‖z‖2 ,
and therefore s ≡ u. ¤
From this explicit formula we recognize that the Hurwitz moduli ϕ−1, ϕ0, ϕ2, . . . , ϕl+1—
as functions of the flat coordinates of the intersection form, τ, u, x1, . . . , xl—are exactly the
invariant Jacobi forms constructed in Part I, Thm. 1.4 for the Jacobi group J(Al); we have thus
proven
Theorem 1.2. The Hurwitz moduli ϕ−1 = τ , ϕ0, ϕ2, . . . , ϕl+1 as functions of the flat coor-
dinates of the intersection form u, z1, . . . , zl+1, τ (where
∑
zi = 0), are the Jacobi forms
for the Jacobi group of type Al . Moreover the intersection form in Proposition 1.3 coincides
with the intersection form for Jacobi groups given by Part I, Definition 1.3.
1.6. Monodromy
By means of the identification in Thm. 1.2 between the moduli (ϕ0, ϕ2, . . . , ϕl+1, τ ) on the
space Mˆ1,0;l and the Jacobi forms for the Jacobi group associated to Al , we have therefore con-
structed a Frobenius structure on a suitable covering of the orbit spaceÄ/J := (C⊕ Cl ⊕H)/J.
From the above formulae expressing the flat coordinates in terms of the Jacobi forms it is clear
that the multivaluedness of this covering comes uniquely from the tl = −(l + 1)(ϕl+1)1/(l+1)
coordinate; looking at the explicit form (defining xl+1 := 0 =: x0)
ϕl+1(x1, . . . , xl ) =
l+1∏
j=1
α(xi − xi−1 )
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we realize that the zeroes are situated at the walls (recall that α∨k are the coroots spanning over
Z the lattice 3 of Al in Cl+1)
α
∨
j (x) = 0 modZ+ τZ.
namely at the walls of the alcove for the complex crystallographic group
A := {x ∈ h | α∨j (x) ∈ A0 }
where A0 is the fundamental mesh of C/(Z + τZ). In other words for fixed τ the quotient of
h ' Cl by the complex crystallographic group is a torus Tl which is simply the product
of identical tori of modular parameter τ ; our Frobenius structure lives on a l + 1 sheeted
covering of this torus with branching divisor Y := {ϕl+1 = 0}. We now give some explicit
examples in which, applying the above formulae, we obtain the free energy. In order to simplify
them, we use the notation (already introduced in Part 1)
P(τ ) := 12
ipi
η′(τ )
η(τ )
; Q(τ ) := 3
4pi4
g2(τ ) ; R(τ ) :=
27
8pi6
g3(τ ). (5)
Example 1.1. The case A1. This example was worked out explicitly also in [6] but it is useful
to use the present formalism. The superpotential is
λ(v) := ℘(v) ϕ2 + ϕ0 ,
and the Jacobi forms read
ϕ2(u, x, τ ) = −e2ipiuα2(x ) ;
ϕ0(u, x, τ ) = −e2ipiuα2(x ) ℘(x ).
The flat coordinates of the invariant metric η are
t0 := τ ; t1 := ϕ0 + 4ipig1ϕ2 ; t2 := −2
√
ϕ2 = −2α(x ) ;
η :=

0
1
2ipi
0
1
2ipi
0 0
0 0 12
.
The free energy is found to be (the dependence of P on τ is understood)
F (A1) := 1
4ipi
t0(t1 )
2 + 14 t1(t2 )2 +
1
96pi2
Pt2
4
.
Notice that these flat coordinates live on a double covering of the quotient spaceC⊕C⊕H/J,
in a smuch the coordinate t2 changes sign under the action of the Weyl group (in this case the
Weyl group is simply Z2 acting as x 7→ −x); this comes from the fact that t2 is a square-root
of the truly invariant lightest Jacobi form ϕ2, and this is what happens in the general case.
Example 1.2. The case A2. We have the superpotential
λ(v) := − 12 ℘ ′(v) ϕ3 + ℘(v) ϕ2 + ϕ0
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where the numbers ϕ3, ϕ2, ϕ0 in terms of the zeroes of the superpotential read (we set z1 = x1,
z2 = x2 − x1, z3 = −x2)
ϕ3(u, x) = −2e2ipiu α(z1 ) α(z2 ) α(z3 ) ;
ϕ2(u, x) = e2ipiu α(z1 ) α(z2 ) α(z3 )
℘ ′(x1)− ℘ ′(x2 − x1)
℘ (x1)− ℘(x2 − x1)
;
ϕ0(u, x) = e2ipiu α(z1 ) α(z2 ) α(z3 )
℘ (x1) ℘
′(x2 − x1)− ℘ ′(x1) ℘ (x2 − x1)
℘ (x2 − x1)− ℘(x1)
.
The flat coordinates of η and its entries are
t0 = τ ; t2 = −
ϕ2
(ϕ3)
1
3
; t3 = −3(ϕ3 )
1
3 ;
t1 =
∮
a
λ dv = ϕ0 + 4ipig1ϕ2 = ϕ0 +
4ipi
3
g1t2t3 = ϕ0 +
2ipi
3
η′
η
3∑
j=2
t j tl+1− j ;
ϕ0 = t1 − 43 ipig1t2t3 ;
ϕ2 = 13 t2t3 ;
ϕ3 = − 127 (t3 )3 ;
ηti ,t j =

0
1
2ipi
0 0
1
2ipi
0 0 0
0 0 0 13
0 0 13 0

and the free energy reads
F (A2) := 1
4ipi
t0 t1
2 + 1
3
t2 t3 t1 −
1
12
t2
4
t3
2 +
1
54pi2
P t3
2t2
2 − pi
2
43740
Q t36.
These computations can be handled algorithmically by a computer; we list the next free energies
of the series Al (for the definitions of P, Q, R, see eqs. (5))
F (A3) := 1
4ipi
t0t
2
1 +
( 1
4 t2t4 + 18 t23
)
t1 +
1
6
t32
t4
+
(
− 1
2
t23
t24
+ 1
96
t24 P
pi
2
)
t22
+
(1
4
t43
t34
+ 1
96
t4 Pt
2
3
pi
2 +
1
46080
t54 Qpi4
)
t2
− 1
24
t63
t44
+ 1
384
Pt43
pi
2 −
1
18432
t23 t
4
4 Qpi4 +
1
18579456
t84pi
6 R ,
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F (A4) := 1
4ipi
t0t
2
1 +
( 1
5 t2t5 + 15 t3t4
)
t1 +
(1
2
t3
t5
− 1
2
t24
t25
+ 1
150
t25 P
pi
2
)
t22
+
(
− t4t
2
3
t25
+
(
t34
t35
+ 1
75
t5 Pt4
pi
2
)
t3 −
1
5
t54
t45
+ 1
28125
t45 Qpi4t4
)
t2
− 1
8
t43
t25
+ 2
3
t24 t
3
3
t35
+
(
− 3
4
t44
t45
+ 1
150
Pt24
pi
2 −
1
37500
t45 Qpi4
)
t23
+
( 3
10
t64
t55
− 1
56250
t35 Qpi4t24 −
1
14765625
t75pi
6 R
)
t3 −
1
24
t84
t65
− 1
37500
Qpi4t25 t44 +
1
6328125
t24 t
6
5pi
6 R − 1
10546875000
t105 pi
8 Q2.
1.7. The Frobenius structures of the orbit space of J(G2)
The exceptional root system G2 displays an interesting and unexpected double Frobenius
structure in the sense we are going to explain. We have seen in Part I, Section 1.5 that the
Jacobi algebra J (G2)•,• is naturally embedded as a subalgebra of J (A2)•,• ; hence, the flat structure
on Spec(J (A2)•,• ) can be interpreted as a flat structure also on the (suitable covering of the) orbit
space of the Jacobi group J(G2). Indeed, recall that the Jacobi forms of G2 are given by
ϕ
(G2)
0 = ϕ(A2)0 ; ϕ(G2)2 = ϕ(A2)2 ; ϕ(G2)6 = 12
(
ϕ
(A2)
3
)2
and therefore the flat coordinates associated to the invariant metric η∗(· , ·) = L∂/∂ϕ0I∗(· , ·) are
exactly the same as those computed in Example 1.2, namely
ϕ
(G2)
0 = t1 − 43 ipig1(τ ) t2t3 ; ϕ(G2)2 = 13 t2t3 ; ϕ(G2)6 =
1
2 · 272 (t3 )
6
,
therefore we have a Frobenius structure inherited from the one of A2, where the free energy
is given by F (G2) = F (A2) := (1/4ipi) t0 t12 + 13 t2 t3 t1 − 112 (t42/t32) − (2ipi/9) t32t22g1(t0) −
(1/(24 36 5)) t36 g2(t0).
On the other hand G2 falls also into the category of “codimension one cases” [9], and hence
it has another natural flat structure which we have computed in Part I, Prop. 1.7. An easy com-
putation of indices shows that Saito’s tensor J ∗ := L∂/∂ϕ̂6I∗ form a linear pencil of flat metric
with the intersection form I∗ + λJ ∗. As a consequence there exists a unique associated Frobe-
nius structure whose free energy can be recovered by application of the formulae described in
Section 1.1. In order to find it, we only have to find the scaling dimensions q j and the Euler
vector. Now, since the unit vector must have scaling dimension−1, and is given by 1 := ∂/∂ϕ̂6,
then we must take as Euler vector
E := 12 E =
1
4ipi
∂u = t6
∂
∂t6
+ t1
2
∂
∂t1
+ t2
2
∂
∂t2
= ϕ6
∂
∂ϕ6
+ ϕ0
2
∂
∂ϕ0
+ ϕ2
2
∂
∂ϕ2
;
from this expression we read off the the scaling degrees, qτ = 1, q1 = q2 = 12 , q6 = 0 (namely,
232 M. Bertola
dτ = 0, d1 = d2 = 12 , d6 = 1) and the scaling of the metric of Part I, Sect. 1.5, eq. 16, namely
L1 J = J . The free energy of this Frobenius–Saito structure is found to be
F (G2)(Saito) :=
1
8ipi
τ t6
2 + 12 t6t1t2 +
ipi2
√
3
36
(2z)1/3(t41 − 2 t32 t1 ) η4
− ipig1(t0 ) t22 t21 +
ipi2
√
3
36
(2(z − 1))1/3(t42 − 2 t2t31 ) η4 ,
where we recall the definition z(τ ) := 12 [(
√−27/(2pi)6)ĝ3(τ ) + 1]. Again this expression
follows from a straightforward but quite long computation which we spare. Notice that this free
energy is well-behaved in t1, t2, t6 and has singularities only in τ coming from the Dedekind’s
eta function and from the branching around the divisor z(τ ) = 0 and z(τ ) = 1, which both
correspond to the Z3-symmetric torus with g2(τ ) = 0.
Summarizing, we have two Frobenius structures in which the Euler and unit vectors are
(1) E = ϕ0∂ϕ0 + ϕ2∂ϕ2 + 2ϕ6∂ϕ6 and 1 = ∂ϕ0 for the Frobenius structure inherited from the
one of A2;
(2) E = 12ϕ0∂ϕ0 + 12ϕ2∂ϕ2 + ϕ6∂ϕ6 and 1 = ∂ϕ6 for the Frobenius structure associated with
Saito’s flat structure.
The situation is that we have a two-dimensional linear pencil of flat metrics; by this we mean
that the (contravariant) metric
G∗ := I∗ + a η∗ + b J ∗ ,
is flat for any choice of the constants a, b ∈ C with ab = 0 and the (contravariant) Levi-Civita
connection is the same linear combination of the corresponding connections.
The fact that I∗ is linear in ϕ0 is not predictable from the counting of bi-grades; in fact one
could expect a priori the occurrence of a term proportional to ϕ02 in M(ϕ0, ϕ2) ∈ J (G2)0,2 , which
is not the case—as a matter of fact—as we saw in the explicit computation. In the picture of [9]
the flat structure we have constructed in the case of Al , and—as a by-product—in the case of
G2 is unexpected; it essentially comes from the additional structure provided by the modular
properties of the Jacobi forms, which are “unseen” in the framework of the theta invariants
studied in loc. cit.
There are hints at the possibility that a similar double Frobenius structure could be found also
in the other exceptional cases F4, E6, E7 (the latter two corresponding, in Saito’s notation, to the
“simple-elliptic cases” E˜6, E˜7), but this goes beyond the scope of the present paper; we will
study these structures in further publications. We mention the fact that a similar phenomenon
occurs in the case of Coxeter polynomials of type Bl (for any rank l): indeed one can find in
that case exactly l independent Frobenius structures [2].
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